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Abstract

A theorem of Payan says that a cubelike graph cannot have chromatic number exactly three.
A nearby question, usually discussed as Payan’s finite (0, 2)-graph question, asks whether a finite
graph in which every two distinct vertices have either zero or two common neighbours can have
chromatic number exactly three. The finite hypothesis is meaningful: infinite three-chromatic
(0,2)-graphs can be constructed [2].

We prove that every finite three-colourable (0,2)-graph is bipartite. Thus, no finite (0, 2)-
graph has chromatic number exactly three.

1 Background and statement

All graphs in this note are finite, simple, and undirected unless explicitly stated otherwise. For a
vertex v of a graph G, write N (v) for its neighbourhood.

Definition 1. A graph G is a (0, 2)-graph if, for all distinct vertices x, y,
[N (z) NN (y)| € {0,2}.

Payan proved that no cubelike graph has chromatic number exactly three [2] and asked whether
the same holds for finite (0,2)-graphs. This problem is also recorded in the graph theory open
problems compilation [1]. Payan notes that infinite (0, 2)-graphs of chromatic number three can be
constructed.

The purpose of this note is to prove the following theorem.

Theorem 2. If G is a finite three-colourable (0,2)-graph, then G is bipartite. Consequently, no
finite (0,2)-graph has chromatic number exactly three.

We use colours in Z/37. Thus a proper three-colouring is a map
c:V(G) = Z/3Z

with ¢(x) # ¢(y) whenever z and y are adjacent.

2 The triangle-free reduction
Given a proper three-colouring ¢, orient every edge cyclically: orient wv as u — v if
c(v) =c(u)+1 (mod 3).

For a vertex v, let p(v) be the number of incoming edges at v in this orientation.



Lemma 3. Let G be a finite (0,2)-graph with a proper three-colouring and the induced cyclic ori-
entation. If u — v, then

p(v) > p(u) + 1.

Proof. Let c(u) =i, so ¢(v) =i+ 1. For every predecessor x of u, we have c¢(z) = i—1. The vertices
x and v have u as a common neighbour, so by the (0,2) condition they have exactly one further
common neighbour; call it y.

Since y is adjacent to x, its colour is either ¢ or ¢+ 1. Since y is adjacent to v, its colour is either
i — 1 or ¢. Hence c(y) =1, so y — v.

This sends each predecessor x of u to a predecessor y of v. The map is injective: if distinct
predecessors x1,x2 of u were sent to the same y, then v and y would have at least three common
neighbours, namely z1, z2, v, contradicting the (0, 2) condition. Finally, u itself is also a predecessor
of v, and it is not in the image of the map. Thus v has at least p(u) + 1 predecessors. O

Corollary 4. A finite three-colourable (0,2)-graph is triangle-free.

Proof. In a properly three-coloured triangle, the three colours are 0, 1,2, so the cyclic orientation
makes the triangle a directed cycle. Lemma 3 would then give a strict increase of p around a closed
directed cycle, which is impossible. O

We shall also need the following immediate consequence.

Lemma 5. Let G be a triangle-free (0,2)-graph. Then every path of length two lies in a unique
4-cycle. More precisely, if a —u—v is a path of length two, then there is a unique vertex b such that

a—u—v—b—a
s a 4-cycle.

Proof. The vertices a and v have u as a common neighbour, so by the (0,2) condition they have
exactly two common neighbours. Let b be the common neighbour different from w. Then b is adjacent
to both @ and v. Triangle-freeness ensures that b is distinct from a and v, soa—u—v—b—ais a
genuine 4-cycle. Uniqueness follows because a and v have only two common neighbours. O

Thus, after the triangle-free reduction, the graph is a rectagraph in the usual sense: no triangles,
and each length-two path is contained in a unique square.

3 A least-squares lemma for square-closed edge labels

Let G be a graph. A real edge-label is a function w on oriented edges such that

w(ya l‘) = —OJ($, y)

for every edge xy. Its norm is

ol = > wlzy)?

{zy}eE(G)

where either orientation may be chosen for each edge. This is well-defined because reversing an
orientation changes a label by a sign but does not change its square.
If f:V(G) — R, define the gradient edge-label

df(z,y) == f(y) — f(x).



For an edge-label w, define its divergence at = by
(divw)(2) == w(z,y).
Yr~x

Lemma 6. Let G be a finite triangle-free (0,2)-graph. Suppose « is a real edge-label whose sum
around every 4-cycle is zero. Then there is a function F : V(G) — R such that

a =dF.
Proof. Consider all edge-labels of the form
a+df, f:V(G) =R

We first justify that there is one of minimum norm.

Choose one arbitrary orientation for each undirected edge of G. If G has m edges, then a real
edge-label is just a vector in R™: one real number for each chosen oriented edge. Thus the space
of all real edge-labels is a finite-dimensional Euclidean space. The vertex functions f : V(G) — R
form another finite-dimensional vector space, and the map

fr—df
is linear. Therefore the set of all gradients
B:={df: f:V(G) — R}

is a linear subspace of the edge-label space. In finite-dimensional FEuclidean space every linear
subspace is closed. Hence
a+B={a+df: f:V(G)— R}

is a closed affine subspace.
Since « itself lies in o + B, the smallest possible norm is at most ||||. Thus no vector of norm
greater than |||l can be needed to find the minimum. It is enough to minimise the norm on

(a+B)n{y: |l < llall}-

This set is closed and bounded in a finite-dimensional Euclidean space, hence compact. The norm
is continuous, so the extreme value theorem gives a minimiser. Choose such a minimum-norm label
and call it w. Thus

w=oa-+ df()

for some vertex function fy, and
|w|l < |lae+df] for every f: V(G) — R.

The label w is still square-closed: « has sum zero around every 4-cycle by hypothesis, and every
gradient has sum zero around every cycle by telescoping.
We next prove, directly from minimality, that

(divw)(z) =0 for every z € V(G). (1)

Fix a vertex x, and let 1, be the function that is 1 at  and 0 at every other vertex. For every real
number %, the label
w+tdl,



still has the form a + df, so it lies in the same affine family over which w minimises the norm.
Hence the one-variable function
D(t) = [lw + td1,]?

has a minimum at ¢t = 0.
Let us expand ®(t) without using inner-product notation. If y ~ z, then

dl;(z,y) =1,(y) —1z(x) =0—-1=—1.

For edges not incident with z, the value of d1, is zero. Therefore

O(t) = Z(w(:):, y) — t)2 + C,

y~z

where C'is the contribution of the edges not incident with x and is independent of ¢. Differentiating
this quadratic gives

() =-2) (wla,y) — 1),

y~x

and hence

'(0) = -2 w(z,y) = —2(divw)(z).

y~z

Since ® has a minimum at ¢ = 0, we have ®'(0) = 0. Thus (divw)(z) = 0. Since x was arbitrary,
(1) follows.
We now show that w = 0. Suppose not. Choose an oriented edge (u,v) with

wu,v) =W >0

and with W maximal among all absolute edge-labels. If u has degree 1, then (1) at u gives W = 0,
a contradiction. Hence u has degree at least 2.
By Lemma 5, for every a € N(u) \ {v} there is a unique vertex b(a) € N(v) \ {u} such that

a—u—v—>bla)—a
is a 4-cycle. The same uniqueness applied in the reverse direction shows that
a+— b(a)

is a bijection from N(u) \ {v} to N(v) \ {u}. In particular v and v have the same degree; call it d.
For each a € N(u) \ {v}, the zero sum of w around the square u — v — b(a) — a — u gives

w(u,v) + w(v,b(a)) +w(b(a),a) +w(a,u) = 0.

Equivalently,
w(a,b(a)) =W +w(v,b(a)) +w(a,u).
Summing this identity over all a € N(u) \ {v} gives
Y wlabla)=d-1D)W+ > wwb+ Y wa,u).
a beN (v)\{u} aeN(u)\{v}

Using (divw)(v) = 0 gives
Z w(v,b) =W,

beN (v)\{u}



and using (divw)(u) = 0 gives
Z w(a,u) =W.
aeN(u)\{v}

Therefore

> w(a,b(a)) = (d+1)W. (2)

a

But the sum on the left of (2) has only d — 1 terms, and each term has absolute value at most W
by the choice of W. Hence its absolute value is at most (d — 1)W, contradicting (2). Thus w = 0.
Since w = a + d fy for some fy, we have

a = d(—fo)-

This proves the lemma. O

4 The colouring label

Let G be a finite three-colourable (0,2)-graph, and fix a proper colouring ¢ : V(G) — Z/3Z. By
Corollary 4, G is triangle-free.
Define a real edge-label n by

e y)z{l’ ) =cl@) + 1 (mod 3),
VL ) =clm) — 1 (mod 3),

This is well-defined because adjacent vertices have distinct colours.
Lemma 7. The label n has sum zero around every 4-cycle.

Proof. Let vgvivovsvg be a 4-cycle. For each ¢ modulo 4, we claim that
N(vi, Vit1) = c(vit1) — ¢(v;)  (mod 3).

This is just the two cases in the definition of 7. Since the colouring is proper, the colour difference
across an edge is either +1 or —1 in Z/3Z. If the difference is +1, then 7 is the integer 1, which
represents the same residue modulo 3. If the difference is —1, then 7 is the integer —1, again
representing the same residue modulo 3. No other case can occur.

It follows that s

3
> n(ivig1) =Y (c(vir1) —c(v;)) =0 (mod 3),
i=0

i=0
because the colour differences telescope around the closed walk. The same sum is a sum of four
numbers, each equal to 1 or —1, so it lies in

{-4,-2,0,2,4}.

The only number in this set congruent to 0 modulo 3 is 0. Hence the sum of 1 around the 4-cycle
is zero. O

By Lemma 6 applied to 7, there is a function F': V(G) — R such that

n =dF. (3)



5 Completion of the proof

Let C = wvgvy - - - vg_1v9 be any cycle of G. Summing (3) around C' gives

~
[asy

-1

n(s,vi1) = 3 (Foisn) — F(vy) = 0.

1=0

S
I
o

However, each summand is 1 or —1. If £ were odd, the sum of these ¢ signs could not be zero. Thus
G has no odd cycle.
A finite graph with no odd cycle is bipartite. Therefore GG is bipartite. This proves Theorem 2.

Corollary 8. There is no finite (0,2)-graph with chromatic number exactly three.

Proof. If such a graph existed, it would be three-colourable, hence bipartite by Theorem 2. But
bipartite graphs have chromatic number at most two. O
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